Abstract: We consider the 3-dimensional formulation of Einstein's theory for spacetimes possessing a non-null Killing field ξ a . It is known that for the vacuum case some of the basic field equations are deducible from the others. It will be shown here how this result can be generalized for the case of essentially arbitrary matter fields. The systematic study of the structure of the fundamental field equations is carried out. In particular, the existence of geometrically preferred reference systems is shown. Using local coordinates of this type two approaches are presented resulting resolvent systems of partial differential equations for the basic field variables. Finally, the above results are applied for perfect fluid spacetimes describing possible equilibrium configurations of relativistic dissipative fluids.
I. Introduction
If one is given a complicated system of nonlinear partial differential equations to solve -as it happens frequently, for instance, in Einstein's gravitational theory -it is hard to see whether there exists any relationship between the equations or not. Sometimes the realization of certain type of connection might induce the introduction of an entirely new technique in solving the selected problem. This was the case, for example, when Cosgrove [1] gave a new formulation of field equations for stationary axisymmetric vacuum gravitational fields, or when, by a generalization of Cosgrove's approach, Fackerell and Kerr [2] derived a resolvent system of differential equations for the vacuum field equation of Einstein's theory for spacetimes with a single non-null Killing vector field.
In the first part of this paper we are going to show that the fundamental results the introduction of the new approach was based on in Refs. [1, 2] can be generalized for spacetimes possessing a non-null Killing field with essentially arbitrary matter fields. Subsequently, the properties of the basic field equations are studied in the situation where the gradient of the norm of the Killing field and the twist of the Killing field are linearly independent. It is shown, for instance, that there exists a geometrically preferred vector field on the space of Killing orbits so that the basic field equations possess -in local coordinate systems adopted to this vector field -very simple form. In particular, a number of the relevant field variables and/or their partial derivatives with respect to the coordinate associated with the preferred vector field are found to be identically zero. By the application of the associated simplifications, two different approaches in deriving resolvent systems of partial differential equations for the basic field variables are presented. The first is a general approach while the second one is a generalization, for particular matter fields, of the techniques applied for the study of stationary axisymmetric vacuum fields by Cosgrove [1] . In the last part of this paper the application of both of these techniques for the case of perfect fluids possessing 4-velocity parallel to a timelike Killing field will be presented.
II. The field equations
In this section, first, we shall recall some of the notions and techniques of the formalism of general relativity developed for spacetimes possessing a non-null Killing vector field. Then, it will be shown that some of the field equations involved are always deducible from the others.
Finally, as a direct application of this result the basic field equations will be reformulateddisplaying the simplest form of the relevant equations -corresponding to the possible subcases.
Consider a smooth spacetime, (M, g ab ), with a non-null Killing vector field, ξ a . It is well known that for such a spacetime the formulation of the Einstein's theory can be simplified considerably by making use of a 3-dimensional formalism [3, 4] . In particular, this is done as follows: Let S denote the space of Killing orbits of ξ a . It is assumed here that S can be given the structure of a 3-dimensional differentiable manifold so that the projection map, φ : M → S, from M onto S is a smooth mapping [3] . This condition always holds locally, and for the case of a timelike Killing field in a chronological spacetime is shown to be satisfied globally [5] .
Consider, now, the following three fields on M : the norm of the Killing field
the twist of the Killing field 2) and the symmetric tensor field
3)
The images of these fields by the differential, φ * , of φ give rise to tensor fields on the 3-space S. For instance, φ * h ab is the natural induced metric on S which is Lorentzian or Riemannian according to that the Killing field, ξ a , is spacelike or timelike. (Hereafter we restrict our considerations to the 3-space S so it should not cause a big confuse that the same notation will be used for the tensor fields living on S and for their natural 'pull backs' onto M .)
Then the basic field equations are [4, 5] 
where R (3) ab and D a denote the Ricci tensor and the covariant derivative operator associated with h ab , while, R (4) ab is supposed to be given in terms of the energy-momentum tensor, T ab , of the matter fields by virtue of Enstein's equations
Equations (2.4) -(2.7) relate the various type of projections of the 4-Ricci tensor to tensor fields and their covariant derivatives living on the 3-space S. It is important that the entire geometrical content of Einstein's theory for a spacetime, (M, g ab ), with a non-null Killing vector field, ξ a , can be uniquely represented by a 3-dimensional metric space, (S, h ab ), along with the fields v and ω a satisfying the above set of field equations. Even more important that, to any 3-dimensional formulation, {(S, h ab ); v, ω a }, of this type -up to gauge transformationsthere exists a unique 4-dimensional spacetime, (M, g ab ), with a Killing field, ξ a , so that the projection map φ : M → S reproduces the 3-dimensional formulation we started with. In fact, (2.7) is just the integrability condition ensuring that the 4-geometry can be recovered from the 3-dimensional formulation [3, 4] .
Note that no restrictions have been raised concerning the matter fields.
In fact, what we really need is that the matter fields be represented by tensor fields,
and, a diffeomorphism invariant action be associated with them so that the energy-momentum tensor, T ab , and the Euler-Lagrange equations can be expressed in terms of appropriate variations of this action.
It is important to note that the invariance of T ab under the action of the isometry group associated with ξ a do not imply that the fields Ψ (i) It is well known that equations (2.4) -(2.7) can be simplified by the introduction of the conformal metricĥ ab defined asĥ 9) where ε takes the value +1 (resp. −1) for spacelike (resp. timelike) Killing fields. Then (2.4) -(2.7) take the form
ab ξ m ξ n }R (4) mn , (2.10) 
(2.14)
Up to this point we have considered only the set of basic field equation (2.10) -(2.13)
which are equivalent to Einstein's equations and an integrability condition. Remember that the 4-Ricci tensor, R
ab was assumed to be given in terms of the energy-momentum tensor, T ab . Thereby, the last term of the left hand side of (2.14), which is, in fact, εv
be put zero simply by referring to the 4-dimensional twice contracted Bianchi identity. It is known, however, that this term is identically zero whenever either the complete set of Einstein's equations or the Euler-Lagrange equations for the matter fields are satisfied. Since our aim is to derive a relationship between some of the relevant Einstein's equations to get rid of this term later it will be assumed that the equations of motion are satisfied by matter fields. [The author would like to say thank you to the unknown referee who pointed out the need for the clarification why the 4-dimensional Bianchi identity cannot be applied to set the third term of (2.14) to zero immediately.]
The way one could get the relation (2.14) is the following: Substitute the right hand side of (2.10) forR ab into the following expression
Then by using (2.11) a straightforward calculation yields that ab ξ m ξ n }R (4) mn . Since ξ a is a Killing field on M we get by (2.13)
We also have, for instance, L ξ R (4) ab = 0. Moreover, it can be shown by using the relationship between the covariant derivative operators D a andD a -with a tedious but straightforward calculation -that
Now using (2.16),(2.17) and (2.18) we obtain
.
(2.19)
Since the tensor fieldR ab is just the Ricci tensor associated with the three metric,ĥ ab , -in virtue of the twice contracted Bianchi identity -we have that the left hand side of the previous equation is identically zero. This proves then that (2.14) holds identically.
In the remaining part of this section we are going to study the consequences of the algebraic relation (2.14). We shall use the assumption that the Euler-Lagrange equations are satisfied for matter fields which implies in the case when they are derived from a diffeomorphism invariant action that
so the third term of (2.14) is zero. Therefore, we have that the relevant form of (2.14) says then that the above particular linear combination of the form fields,D a v and ω a , must vanish identically. Correspondingly, there are two subcases which have to be treated separately, namely, D a v and ω a might be either linearly independent or not.
Whenever the two form fieldsD a v and ω a are linearly independent only the trivial combinations of them can vanish identically. In this case (2.12) and (2.13) can be deduced from (2.10), (2.11) and the Euler-Lagrange equations. It is then sufficient to solve (2.10) and (2.11) along
with the relevant equations of motion for matter fields since any solution of these equations will automatically satisfy (2.12) and (2.13) as well.
Suppose now that the two form fields,D a v and ω a , are linearly dependent. This might happen whenever one of them vanishes throughout or there exists a function, f , such that
α; Consider first the case of vanishingD a v, i.e., we suppose that v is constant throughout.
Since we can introduce then a new Killing field instead of ξ a by rescaling ξ a with an arbitrarily chosen constant factor we may assume here, without loss of generality, that v = ε. Furthermore, for this case (2.14) implies that the relevant form of (2.13) is a consequence of (2.10), (2.11) and (2.20). Hence, the whole content of the basic field equations reduce tô
β; Suppose now that ω a = 0, i.e., ξ a is hypersurface orthogonal. Then (2.11) and (2.13)
are expected to hold, furthermore, the relevant form of (2.12) is simply a consequence of (2.14).
Hence, the basic equations for the case under consideration simplify to [4] 
γ; Finally, suppose that neitherD a v nor ω a vanishes, and, there exists a function, f , such that (2.21) holds. Then the elimination of ω a from (2.10) -(2.13) yields by using the above
It can easily be checked that the relevant form of (2.14) implies that (2.γ.2) is deducible from the Euler-Lagrange equations and (2.γ.1), (2.γ.3) and (2.γ.4). Hence, for this last case, equations (2.21), (2.γ.1),(2.γ.3) and (2.γ.4) display the entire content of the basic field equations.
III. Geometrically preferred local coordinates
In the remaining part of this paper we shall restrict our consideration to the case of independent form fields, i.e., we suppose that (D In this section we are going to examine the properties of the fundamental equations (2.10) and (2.11). In particular, it will be shown that there exist geometrically preferred local coordinate systems in which these equations possess very simple form.
We shall use the following shortened form of (2.10) and (2.11)
where
and
Note that ρ ab is a symmetric while σ ab an antisymmetric tensor field on S, both depending on 
whereǫ abc denotes the 3-dimensional volume element associated withĥ ab , i.e.,ǫ abc = ǫ abcd ξ d .
Then the following hold
Equations (3.6) -(3.8) are direct consequences of the definition of k a . For (3.9) note that
However, according to (3.8) we have (
, and so
Now, using (3,1),(3.6) and (3.7) we get
which imply, along with (3.2) and the fact thatD a is torsion free, that (3.9) holds.
Note that whenever k e σ ea is vanishing onS, we have
i.e., k a is a collineation vector field ofR ab −ρ ab . According to the definition of σ ab the contraction k e σ ea is identically zero whenever there exist functions α, β such that R (4) n p
For the vacuum case, ρ ab = σ ab = 0 (or α = β = 0). Then (3.9) reduces to the well-known result that k a is a Ricci collineation vector [7] .
It is straightforward to check that (3.6) -(3.9) are satisfied not merely for k a but for any vector field possessing the form f k a , where f is an arbitrary function onS. Hereafter, the vector fields,k a = f k a , which are defined with the use of a non-vanishing function, f , onS will be referred as being geometrically preferred.
Just like for the vacuum case (see Ref. [2] ) one can introduce geometrically preferred local coordinate systems. Denote byk a any of the geometrically preferred vector fields and consider local coordinates, (x 1 , x 2 , x 3 ), adopted tok a , i.e.,
This type of coordinates can always be introduced (at least locally) onS.
In such a local coordinate system, (x 1 , x 2 , x 3 ), equations (3.6) -(3.9) take the form ∂v ∂x 3 = 0, (3.15)
where β takes the values 1, 2, 3. Note that whenever one of the functions, ρ 3β (β = 1, 2, 3), does not vanish identically (3.17) gives algebraical relationship(s) between the variables v,ĥ ab , 
where ∂ A v denotes the partial derivative of v with respect to the variable x A , and the capital Latin indices take the values 1, 2.
It can be easily checked that in such a coordinate system (3.2) takes the form
(3.20)
Observe that, whenever σ ab vanishes identically these equations imply that (at least locally)
there exists a function, ω = ω(x 1 , x 2 ), so that
Using these simplifications, in the next two sections two different methods in establishing resolvent systems of partial differential equations for the basic field variables will be presented.
IV. General method
This section is devoted to the introduction of a general approach to get a resolvent system of differential equations for the basic field variables. This approach is based on the following 
where the presence of second order partial derivatives of the fields ψ (j) α1...αm β1...βn indicates that the matter Lagrangian is supposed to contain at most second order partial derivatives of these fields and the Greek indices refer to components of tensor fields in geometrically preferred adopted local coordinates.
To start off note that (3.19) can be recast into the form
It is important to emphasize that at each (explicit or implicit) appearance of the function v in 
where the sign ambiguity of ω A is indicated by the factor ǫ (i.e., ǫ = ±1) in (4.4).
Using the definition, (3.3), of ρ ab and (3.17) it can be checked easily that v depends on at most second order derivatives of the metric functions,ĥ αβ , since only the termsR α3 enter (3.17).
Therefore, with the assumption that at most second order covariant derivatives of the fields . Three additional partial differential equations restricting these fields have to be taken into consideration. These are derived by substituting the right hand side of (4.4) for ω A into (3.20) and can be given as follows: 
V. Generalization of Cosgrove's method
In this section we generalize the techniques developed originally for stationary axisymmetric vacuum fields for spacetimes possessing a singe non-null Killing field with matter fields satisfying the additional conditions given below. More precisely, a slightly modified version of Cosgrove's approach will be established so as to derive from the basic set of field equations a resolvent system of differential equations for the basic variables.
The two conditions are the following:
Condition 5.1:
The tensor field σ ab vanishes throughout, i.e., ξ [a R (4) b]e ξ e = 0.
Condition 5.2:
The tensor field ρ ab has the property that, in a geometrically preferred local coordinate system, its components, ρ AB (A, B = 1, 2), can be given exclusively in terms of the induced 3-geometry,ĥ ab .
In particular, Condition 5.1 implies that (at least locally) there exists such a function ω that can be recast into the form shows that the same is true for the functions H AB even if, for instance, some of the components ofĥ ab may depend on x 3 . (Note that this property of the functions, H AB , is in fact a simple consequence of the general result (3.13).) Since v and ω are functionally independent we have that the functions H AB can be considered as the components of a non-singular Riemannian metric on a 2-dimensional manifold. Note that the right hand side of (5.1) is just the well-known representation of a Riemannian 2-metric in local coordinates (v, ω) with Gaussian curvature −1.
Hence, for the Gaussian curvature, K H , of the metric, H AB ,
has to hold. This equation is, in fact, a fourth-order partial differential equation for the components of the tensor fieldsĥ ab . For the case of linearly independent form fields under consideration The outline of the proof of the above statement can be given as follows: Since we are considering the case of linearly independent form fields, (3.21) and (4.4) yield
where the ambiguity in sign of ω is indicated by ǫ 1 (i.e., ǫ 1 = ±1). Substituting (5.3) into (5.1) with setting A, B = 2 and solving for ∂ 1 v we obtain 
Equations (5.4) -(5.6) are equivalent to (5.1). The integrability condition, ∂ 2 ∂ 1 ω = ∂ 1 ∂ 2 ω, for the function ω can be shown [1] to give rise to the following Appel equation
where U ≡ 1 2 ln(εv) and
we obtain from (5.4) and (5.7) the following pair of Riccati equations
Here the functions X A , Y A and Z A are defined as
The integrability conditions for the simultaneous set of Riccati equations, (5.10), reduce to a single condition [1, 2] , which, not unexpectedly, may be put into the form of (5.2 
There is, however, a significant difference between the vacuum case and the case under consideration. Namely, for the case of vacuum the relevant form of (5.1) solutions from known ones [8, 9] .
VI. Perfect fluids
In this section some of the basic notions and results in connection with perfect fluids will be recalled and some of the consequences of the presence of Killing fields in the spacetimes will be discussed. on M for the present case are the fields ρ, P and u a .) The energy-momentum tensor is given as
furthermore, the Euler -Lagrange equations are
It is known that for perfect fluid sources these equations are equivalent to the 'integrability' condition of Einstein's equation
In particular, (6.2) and (6.3) are equivalent to the 'parallel to u a ' and the 'orthogonal to u a ' projections of (6.4), respectively. Thereby, it is usual in the formulation of Einstein's theory for spacetimes with perfect fluids to postulate merely the form of the energy-momentum tensor, T ab , and solve Einstein's equations since the equations of motion for the fluid then are automatically satisfied. We have chosen, however, a somewhat reversed approach here. In section 2 it was assumed that Euler-Lagrange equations are satisfied (which implies for the present case that ∇ a T ab = 0) and this condition was used to show that some of the basic field equations are deducible from the others. It is important to emphasize that we earn more than we loose by replacing the two basic field equations, (2.11) and (2.12), by Euler-Lagrange equations.
Equations (2.11) and (2.12) are second order partial differential equations while the above
Euler-Lagrange equations are first order ones for perfect fluid.
Consider now the consequences of the presence of a Killing field, ξ a , for perfect fluid matter sources. First of all,
Again, by the presence of a preferred vector field, u a , one might consider the unique decomposition of L ξ T ab into symmetric tensor fields so that each of these tensor fields has definite 'tangential' or 'perpendicular' character with regard to their free indices. Since L ξ T ab vanishes all of these projections must vanish, as well. Thereby (L ξ T ab )u a u b = 0 which gives that
or ρ + P = 0. (Note, however, when the equation of state is chosen to be ρ + P = 0 then the energy-momentum tensor is of the form T ab = P g ab , and (6.4) implies that P is constant throughout. This is precisely the case of vacuum fields with non-zero cosmological constant so it seems to be reasonable to assume that ρ + P is not identically zero, and hereafter we do a non-null Killing field we can use, without loss of generality, instead of the fields ρ, P, u
Determine now the relevant form of ρ ab and σ ab . According to (2.8) and (6.1) we have
furthermore, by the definition of ρ ab and σ ab
hold.
For simplicity, one may restrict ones considerations to the case of vanishing σ ab . Equation (6.11) implies that σ ab = 0 whenever either of the following hold:
(or ρ + P = 0 but this case has been excluded earlier). Thereby, we can say that σ ab = 0 throughout if and only if either the 4-velocity of the fluid, u a , is parallel to the Killing field, ξ a , which means that the spacetime is stationary and , and using (6.15) we get that
and, the equations of motion, (6.2) and (6.3), reduce to
One extracts from (6.15) -(6.16) that the fluid is expansion free, i.e., ∇ a u a = 0 throughout.
Thereby, (6.18) holds identically. Furthermore, a straightforward calculation yields that
which along with (6.19) and (6.20) gives that
As it was argued in Ref. [10] , (6.21) implies that P = P (A, B) and ρ = ρ(A, B) even if A and B are functionally dependent or constant. Furthermore, since the 4-velocity -given by (6.15)
-is a unit timelike vector we have
ξ (2) a ) , (6.22) which along with (6.21) (and the above conclusion) gives that the equation of state must be of the form
The remained Euler -Lagrange equation, (6.21), simplifies further whenever
i.e.,
The case ∇ a B = 0 is that of a 'rigid fluid', i.e., the 4-velocity, u a , is parallel to the timelike
. It is important to emphasize that equations ( , parallel to the 4-velocity of the fluid, u a .
The other possibility,
ξ (2) f , i.e., the 4-velocity of the fluid, u a , is orthogonal to ξ a (2) which, therefore, must be a spacelike Killing field.
Note that for both of these cases not merely the Euler-Lagrange equations are simplified but, in accordance with this fact, the potential space associated with the Lagrangian of this particular case of 'gravity plus perfect fluid' system admits a symmetry [10] .
Moreover, equations (6.21), (6.23) and (6.24) yield then that 
, and, the equation of state, ρ = ρ(P ), is known then the function A −2 = A −2 (P ) or P = P (A −2 ) can be determined via (6.25) . Note that the function A −2 possesses the form
Note that the function W has the following simple geometrical meaning. In canonical Weyl coordinates, (ρ, z, φ), the 3-metric,ĥ ab , can be given aŝ
where γ and W are functions of the coordinates (ρ, z) [4] .
VII. Perfect fluids with 4-velocity parallel to a Killing field
In this section we shall apply the results of the previous sections for perfect fluid spacetimes possessing a timelike Killing field, ξ a , parallel to the 4-velocity of the fluid, u a . Such a fluid has expansion-and shear-free flow, i.e., it is 'rigid'. Thereby one might ask whether there exists any physically realistic situation in which such a model can be applied. However, it was
shown by Geroch and Lindblom [11] that in a generic theory of relativistic dissipative fluids the equilibrium states are perfect fluid states. Furthermore, they showed that for these perfect fluids -which represent the equilibrium configurations of dissipative relativistic fluids -the 4-velocity is parallel to a Killing field [11] . Therefore, the model we are dealing with in this section has to have physical relevance, and, in fact, it is the needed one as long as we are looking for a faithful description of possible equilibrium configurations of relativistic dissipative fluids. 
The relevant form of (3.17)R
can then be solved for v. Since we have a non-vanishing spacelike vector field, k a , and the 3-metric ,ĥ αβ , is non-singular,ĥ 33 cannot vanish. Whenever there is another non-vanishing one among the functions,ĥ 3β , then (7.2) gives rise to an algebraical restriction on the componentŝ R 3β of the Ricci tensor associated withĥ ab . We obtain from (7.1) and (7.2) After solving (5.2) and fixing the functions H AB we may ask for the conditions under which the transformation (5.14)-(5.15) yields new solutions of the basic field equations. The two equations to be solved are, for the present case, (7.2) and (6.21). It is straightforward to check that by choosing P τ to satisfy the equation
and deriving ρ τ -for each pair of the functions v τ and P τ -in virtue of (6.21) we get a one-parameter family of solutions of the basic field equations. Note that the invariance properties of the Lagrangian of electrically charged rigid perfect fluids was studied earlier by Kramer, Neugebauer and Stephani [4, 12] .
However, their considerations were restricted to the case of a static spacetime exclusively. to this transformation and derivation of new perfect solutions by making use of it can be found in Ref. [8, 9] .
An interesting subcase of these perfect fluid spacetimes, discovered many years ago by Ehlers [12, 4] , is the case of vanishing pressure, i.e., of a stationary spacetime with dust possessing 4-velocity, u a , parallel to a timelike Killing field, ξ a . According to (3.17), (3.18) and (7.1) the field equations are then the same as for the vacuum case. Note, however, that (6.21) implies then v = const. The value of v may be chosen throughout to be -1, so the field equations simplify toR 3β = 0, (7.5)
For the energy density, ρ, we obtain from (2.α.2), (6.9) and (6.12) the constraint
Accordingly, a stationary dust (sd) solution -represented by
ab -can be assigned to every static vacuum (sv) solution -given in terms of v (sv) and
ab -where the energy density of the dust satisfies the constraint (7.7) [13, 4] . Although the above general method can be applied in a straightforward way to get solutions of Einstein's equations for the selected perfect fluid source there is an unfavorable aspect of this method. Namely, the most significant physical quantities -the mass density, ρ, and the pressure, P , characterizing the possible physical states of the fluid -can be determined only at the very end of the entire process in terms of the function v and the 3-geometry,ĥ ab . Therefore the equation of state, ρ = ρ(P ), has to be in accordance of the corresponding constraints, which implies that it cannot be chosen freely. The general approach, introduced in section 4, can be used to cure this problem but the price we have to pay is the appearance of extra non-linearities. With the help of (7.2) and (7.8) it can be shown that the function v can be given in terms of the 3-geometry exclusively. Note that (7.8) is independent of the 3-geometry and, indeed, it is the only equation where one can control the physical properties of the solution describing the fluid by the substitution of a physically realistic equation of state. Consider, for instance, the case of polytrope equation of state, i.e.,
where α ∈ (0, 1) ∪ (1, ∞) and c > 0. Using then (7.8) and (7.9) one gets
(7.10)
After solving (7.2) for v and substituting the resulted function into (5.1) one might attempt to get solutions of the yielded equation, where now H AB is given by (7.4) . Remember that for the present case of perfect fluids σ ab is identically zero thereby one has to solve merely the relevant form of (4.5) and (4.6) along with the possible two equations involved by (7.2) [Note that the last two equations might give further algebraical relationships between certain components of the 3-metric and the 3-Ricci tensor.] Although the derivation of the equations is straightforward the appearance of extra non-linearities -related to the functional form of v -are frightening. Note, however, that whenever one is able to find solutions of these equations the physical relevance of the solutions is automatically assured.
VIII. Final remarks
A new formulation of Einstein's equations for spacetimes admitting a non-null Killing vector field and arbitrary matter field was given in this paper. First it was shown that some of the basic field equations are always deducible from the others. Then the existence of a geometrically preferred vector field and related coordinate systems were shown. Based on the associated simplifications, two methods were presented obtaining systems of partial differential equations for the basic variables associated with the spacetime geometry and with the matter content.
Both of the developed approaches were applied for perfect fluid spacetimes which describe equilibrium configurations of relativistic dissipative fluids. The symmetry properties of the relevant equations and differences of the two approaches were studied. It was shown, furthermore, that the techniques which were developed by Cosgrove [1] for the vacuum stationary axisymmetric problem can be generalized straightforwardly for these perfect fluid spacetimes despite the fact that in our examinations we assumed merely the existence of a single timelike Killing field.
It is worth emphasizing that the general results of this paper, given in details in sections 2 -5, are valid for any spacetime in Einstein's theory which possesses a non-null Killing field and essentially arbitrary matter fields. Thereby, it would deserve further studies to find out how to apply these results for even more interesting situations in which time dependence may occur and/or different types of matter fields are present.
